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Abstract
In this contribution we use linear invariants and the dynamical invariant method in the framework of the linear Schrödinger equation to study
scalar fields in a Friedman–Robertson–Walker spacetime, obtaining exact wave functions to this problem. In addition, we construct Gaussian wave
packet solutions and calculate the quantum fluctuations as well as the quantum correlations for each mode of the quantized scalar field.
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The harmonic oscillator model is one of the most important
models in classical and quantum physics. It is exactly solvable
quantum mechanically and offers a wide range of applications
in the description of physical systems in areas such as quan-
tum optics [1,2] and gravitation [3]. As a non-stationary system,
a time-dependent quantum oscillator can also be exactly solved
and the dynamical invariant method, devised by Lewis and
Riesenfeld [4], gives a typical and powerful method to study
this system [5–8].
Another problem that has attracted great interest for its fun-
damental physical perspective is that of a scalar field placed
in a Friedman–Robertson–Walker (FRW) spacetime [9–12,14].
The behavior of matter scalar quantum fields as well as gravi-
tational waves [12] is governed by the Einstein equations of the
time-dependent type that can be mapped in an equation of
the time-dependent oscillator. Thus the problem of both par-
ticle creation in a metric field fluctuation during a cosmologi-
cal evolution is reduced to solve the quantum time-dependent
harmonic oscillator. This problem can be treated as a time-
dependent harmonic oscillator since a massive scalar field when
appropriately decomposed into modes, inherits a time depen-
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cently, some of us (Pedrosa and Furtado) [16] have studied the
problem of a scalar field in FRW spacetime using the invariant
method together with an exact time dependent quadratic invari-
ant.
The connection of cosmology with some process in quantum
optics has received some attention. The idea of adoption of the
language of the squeezed states to cosmological particle cre-
ation was first introduced by Grisshchuk and Sidorov [12,13].
In this context, a coherent state representation for a scalar field
minimally coupled to a gravitational field was constructed [9]
and the language of quantum optics was used to analyze the ex-
istence of squeezed states in a cosmological model [17]. Matacz
[18] using squeezed state formalism derived the coherent state
representation of quantum fluctuations in a expanding universe.
Further, Hu et al. [17] have applied squeezed states formalism
to discuss the role of initial states in particle creation and have
pointed out that squeeze and rotation operator were first derived
by Parker [19] in his analyzes of cosmological particle creation,
based on the work by Kamefuchi and Umezawa [20]. Also,
Matacs [18] have considered a squeezed vacuum of harmonic
oscillator system with time-dependent frequency to study the
coherent representation of quantum fluctuation in expanding
universe.
In this contribution, instead of quadratic invariants, we use
exact linear invariants to solve the linear Schrödinger equa-
tion for a scalar quantum field placed in a FWR spacetime. The
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direct than that of Ref. [16], and it allows us to get the physical
properties of the scalar quantum field more readily, as seen be-
low. In addition, we construct Gaussian wave packet solutions
and calculate the quantum fluctuations and correlations for each
mode of the quantized field.
The remaining of this Letter is organized as follows. In Sec-
tion 2 we derive the Hamiltonian density for a scalar field
placed in a FRW spacetime. Next, in Section 3, we use exact lin-
ear invariants and the invariant method to solve the Schrödinger
equation for the problem. Section 4 describes the construction
of Gaussian wave packets solutions and shows how one can cal-
culate the quantum fluctuations and correlations for each mode
of the quantized field. Finally, we briefly summarize our results
in Section 5.
2. Hamiltonian density of scalar fields in a FRW spacetime
Let us consider a FRW line element given by
(1)ds2 = −dt2 + a2(t)gij dxi dxj ,
where gij is the metric of the three-dimensional flat spacetime
and a(t) is the universal scale factor of the universe. We further
choose a real field Φ(x, t), whose Lagrangian density is written
as
(2)L= −1
2
gμν ∂μΦ ∂νΦ − 12
(
ξR + m2)Φ2,
where m is the mass of the field quanta, ξR is the coupling
between the scalar field and the gravitational field, ξ being a
numerical factor and R the Ricci scalar. What is more, the scalar
field may be decomposed on a complete basis uk(x, t),
(3)Φ(x, t) =
∑
k
(
akuk + a∗k u∗k
)
,
where
(4)uk(x, t) = 1√
V
exp(ik · x)φ
1
k + iφ2k√
2
,
is normalized in the volume V . In Eq. (4) we have split φk into
its real and imaginary parts. Hence, using Eqs. (2) to (4), we
obtain the action
(5)S = 1
2
∑
k
∑
j=1,2
∫
a3 dt
(
φ˙
j
k − ω2kφj
2
k
)
,
where the “angular frequency” is given by
(6)ω2k(t) =
k2
a2(t)
+ m2 + ξR,
and the dot denotes a time derivative. Eq. (5) shows that the
modes k and j are independent and may be considered sepa-
rately. Consequently, each mode contributes to the Hamiltonian
with
(7)Hjk =
1
2a3
(
Πj
2 + a6ω2kφj
2
k
)
.Therefore, the classical equations of motion for the fields φjk
(8)φ¨jk + 3
a˙
a
φ˙
j
k + ω2kφjk = 0,
follows from this Hamiltonian density. Furthermore, canonical
quantization (Πjk → −ih¯∂/∂φjk ) leads to the Hamiltonian op-
erator
(9)Hˆjk =
1
2a3
(
−h¯2 ∂
2
∂φ
j2
k
+ a6ω2kφj
2
k
)
,
which of course depends explicitly on time. It is worth noticing
that Eq. (8) is the equation of motion for the classical harmonic
oscillator with time-dependent mass and frequency which may
be obtained from the Hamiltonian [5]
(10)H(t) = p
2
2m(t)
+ 1
2
m(t)ω2(t)q2,
for each mode ki (i = 1,2,3), with mass m(t) = a3(t) and fre-
quency ω(t) defined as in Eq. (6). Thus, our problem can be
mapped into an harmonic oscillator with time-dependent mass
and frequency. This system has been studied with the aid of the
dynamical invariant method [5–8].
3. Linear invariants and scalar fields in a FRW spacetime
For the system described by the Hamiltonian (7), the
Schrödinger equation is
(11)ih¯ ∂Ψ (φ
j
k , t)
∂t
=HjkΨ
(
φ
j
k , t
)
.
According to the dynamical invariant method [4], the solutions
of the Schrödinger equation (11) are related to the eigenfunc-
tions of a Hermitian operator I jk (t) which satisfies the following
equation
(12)dI
j
k (t)
dt
= 1
ih¯
[
I
j
k (t),Hjk
]+ ∂I jk (t)
∂t
= 0.
The above condition allows one to write the solutions of the
Schrödinger equation as
(13)Ψλ
(
φ
j
k , t
)= eiμλ(t)ϕλ(φjk , t),
where ϕλ(φjk , t) is an eigenfunction of I
j
k (t) with time-indepen-
dent eigenvalues λ and μλ(t) is a time-dependent phase func-
tion satisfying
(14)h¯ dμλ(t)
dt
= 〈ϕλ|ih¯ ∂
∂t
−Hjk |ϕλ〉.
Quadratic invariant operators satisfying Eq. (12) are innu-
merable [4], but, as already commented, we are interested in
dealing with a linear Hermitian invariant of the form
(15)I jk (t) = αk(t)φjk + βk(t)Πjk + γk(t),
where αk(t), βk(t) and γk are time-dependent real functions to
be determined. Since I jk (t) must satisfy Eq. (12), these func-
tions are related as
(16)α˙(t) = a3ω2k(t)βk(t),
386 I.A. Pedrosa et al. / Physics Letters B 651 (2007) 384–387(17)β˙(t) = −αk(t)
a3
,
(18)γ˙ (t) = 0.
Hence, from Eqs. (16) and (17) we find that
(19)β¨k(t) + 3 a˙
a
β˙k(t) + ω2k(t)βk(t) = 0.
Once βk(t) is known, αk(t) can be directly obtained from
Eq. (16). Therefore, the linear invariant can be written as
(20)I jk (t) = βk(t)Πjk − a3β˙k(t)φjk ,
where, without loss of generality, we have set γ (t) = const = 0.
Moreover, the eigenstates |ϕλ〉 of I jk (t) form a continuous com-
plete set whose time-independent eigenvalues λ are solution of
equation [2,7,21]
(21)I jk (t)ϕλ
(
φ
j
k , t
)= λϕλ(φjk , t),
with
(22)〈ϕλ(φjk , t)∣∣ϕλ′(φjk , t)〉= δ(λ − λ′).
It is straightforward to show that the eigenstates of I jk (t) are
ϕλ
(
φ
j
k , t
)=
√
1
2πh¯βk(t)
(23)× exp
[
i
h¯βk(t)
(
a3β˙k(t)
2
φ
j2
k + λφjk
)]
.
On the other hand, after the evaluation of the matrix element
of the right-hand side of Eq. (14), the phase function may be
written as
(24)μλ(t) = −λ
2
2h¯
t∫
0
1
a3(t ′)β2k (t ′)
dt ′.
Therefore, the wave functions are given by
Ψλ
(
φ
j
k , t
)=
√
1
2πh¯βk(t)
(25)× exp
[
iμλ(t) + ia
3β˙k(t)
2h¯βk(t)
φ
j2
k +
iλφ
j
k
h¯βk(t)
]
,
and a general state is described by
(26)Ψ (φjk , t)=
∞∫
−∞
g(λ)Ψλ
(
φ
j
k , t
)
dλ,
where g(λ) determine the state. It is worth mentioning that
when βk(t) vanishes the phase function μλ(t) diverges. In spite
of this divergence, the wave functions (25) are always finite
[2,21].4. Gaussian wave packets, quantum fluctuations
and quantum correlations
Gaussian wave packets are very common. Therefore, we turn
our attention to this particular state. It is characterized by
(27)g(λ) =
√
b
(2π)1/4
e−
b2
4 λ
2
,
where b is a positive real constant. Thus, inserting Eqs. (25)
and (27) into Eq. (26) and performing the integration we are
left with
Ψ
(
φ
j
k , t
)= ( 2
π
)1/4 exp(− ia3β˙k(t)2h¯βk(t) φj2k )√
h¯bβk(t)(1 + 2ifk(t)h¯b2 )
(28)× exp
[
− φ
j2
k
h¯2b2β2k (t)(1 + 2ifk(t)h¯b2 )
]
,
where
(29)fk(t) =
t∫
0
1
a3(t ′)β2k (t ′)
dt ′.
Moreover, the time-dependent probability density associated
with the Gaussian wave packet is Gaussian for any time
(30)ρk
(
φ
j
k , t
)= ∣∣Ψ (φjk , t)∣∣2 = 1√πσk(t)e−φ
j2
k /σ
2
k (t),
where
(31)σk(t) =
√
h¯2b2β2k (t)
2
[
1 + 4f
2
k (t)
h¯2b4
]
is a time dependent width. Consequently, the center of the wave
packet remains at φjk = 0 while its width change in time, as
expected for oscillatory behavior [22–24]. Furthermore, it is
readily verified that the wave function (28) is normalized and
time-dependent probability density is conserved, i.e.,
(32)
∞∫
−∞
∣∣Ψ (φjk , t)∣∣2 dφjk = 1.
The quantum fluctuation for each mode of the quantized field
in the state Ψ (φjk , t) is also obtained after a straightforward cal-
culation as
(33)φjk =
√〈
φ
j2
k
〉− 〈φjk 〉2 = 12√Uk(t) ,
(34)Πjk =
√〈
Π
j2
k
〉− 〈Πjk 〉2 = h¯
√
U2k (t) + V 2k (t)√
Uk(t)
,
where Uk(t) and Vk(t) are given by
(35)Uk(t) = 1
h¯2b2β2k (t)(1 + 4f
2
k (t)
h¯2b4
)
,
(36)Vk(t) = a
3β˙k(t)
2h¯βk(t)
+ 2fk(t)
h¯3b4β2(t)(1 + 4f 2k (t)2 4 )
.k h¯ b
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(37)(φjk )(Πjk )= h¯2
√
1 +
(
Vk(t)
Uk(t)
)2
.
If we require that the minimum uncertainty is h¯/2 for a given
time τ , then we must have Vk(τ) = 0, or
(38)β˙k(τ ) = 4fk(τ )
a3βk(τ )(h¯
2b4 + 4f 2k (τ ))
.
Therefore, if we start with a minimum uncertainty packet, that
is, (φjk )(Π
j
k ) = h¯/2 for τ = 0, then the above condition
is obviously reduced to β˙k(0) = 0 (note that, by definition,
fk(0) = 0). Further, βk(0) is related to the initial width of the
Gaussian wave packet (see Eq. (30)). Hence, the initial condi-
tions needed to solve Eq. (19) are completely set.
Finally, we calculate the quantum correlations for the quan-
tized field modes. They are defined as [25]
(39)C1,1 = 12
〈{(
φ
j
k −
〈
φ
j
k
〉)
,
(
Π
j
k −
〈
Π
j
k
〉)}〉
where anti-commutator is represented by {,}. Thence, using
Eqs. (28) and (39), the quantum correlations are found to be
(40)C1,1 = h¯Vk(t)2Uk(t) .
Therefore, even when the initial state is uncorrelated, quan-
tum correlations develops as time goes on. What is more, the
appearance of the correlations comes with an increase in the
uncertainty. In fact, the condition (38) implies that the correla-
tion vanishes when the uncertainty is minimum. Actually, the
uncertainty and the quantum correlations are directly related as
(41)(φjk )(Πjk )= h¯2
√
1 +
(
2
h¯
C1,1
)2
.
We end this section noticing that the absence of correlation
in the uncertainty product minimum is expected because any
correlation would be a constraint on the minimization of the
uncertainty product and hence it would not reach its minimum
value [26].
5. Summary
In this contribution we have used linear invariants and the
dynamical invariant method to investigate solutions for the
problem of a scalar quantum field placed in a FRW space-
time. Starting with the metric (1) and the Lagrangian (2), we
obtained the time-dependent state of the system as a function
of the solution of a second order ordinary differential equa-
tion (19). Furthermore, this later equation is completly deter-
mined by the scale factor of the metric a(t) and the couplingbetween the scalar and the gravitational fields. Similarly, we
have constructed Gaussian wave packets solutions whose prob-
ability density, quantum fluctuations, quantum correlations, and
uncertainty product were determined also as function of solu-
tions of Eq. (19). Finally, we would like to point out that the
approach developted in this Letter can be useful to study other
problems envolving creation of particles in a specific spacetime
background [27–30].
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